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Relationship between short-time self-diffusion and high-frequency viscosity
in charge-stabilized dispersions
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Experimental determination of both the short-time self-diffusion coefficient and the high-frequency viscosity
are reported for model charge-stabilized dispersions. Despite the charged nature of the particles, we find that
both quantities are insensitive to direct interparticle interactions. Quantitative agreement between the experi-
mental data and micromechanical hard sphere theory is observed for a range of particle sizes and added salt
content. However, while the reciprocal of the short-time self-diffusion coefficient shows a similar concentra-
tion dependence as the high-frequency viscosity, the two do not obey a generalized Stokes-Einstein relation.
The violation is due to subtle differences in hydrodynamic interactions between the two particle motions, in
agreement with theory and simulation.@S1063-651X~98!50310-8#

PACS number~s!: 82.70.Dd, 83.50.Fc, 83.85.Jn
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The structural relaxations in colloidal dispersions are g
erned by slow diffusive processes. The viscosity of a disp
sion is related to the response due to the structural defor
tion caused by flow, while the self diffusion coefficie
results from the relaxational response to the deforma
caused by the diffusing particle@1#. Researchers are thu
prompted to search for extensions of the celebrated Sto
Einstein relation@2–4#, relating the self-diffusivity to the
shear viscosity in the dilute particle limit, to concentrat
dispersions. The Stokes-Einstein relation is given by the
miliar formula D05kBT/6pm0a, whereD0 is the diffusion
coefficient of the single Brownian particle,m0 is the solvent
shear viscosity,a is the particle radius, andkBT is the tem-
perature.

In concentrated dispersions particle diffusion is slow
due to hydrodynamic and thermodynamic interactio
among the suspended particles. As a consequence of
many-body interactions, the Stokes-Einstein formula
longer represents the particle diffusivity. The dynamics
interacting colloidal dispersions is complicated by memo
effects such that additional, so-called generalized Stok
Einstein relations can be postulated. Many attempts, b
theoretical and experimental, have been made to iden
such generalizations valid for concentrated colloidal disp
sions. For example, the generalized Stokes-Einstein rela
given by

DS
L~f!5kBT/6ph~f!a, ~1!
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with the long-time self-diffusion coefficientDS
L(f) and the

zero-shear viscosityh(f), both functions of the particle vol-
ume fractionf, has been widely explored. It has been fou
to agree well for a variety of systems, such as hard sph
dispersions@5,6#, microemulsions@7#, micellar solutions@8#,
and protein dispersions@9#. Imhof and co-workers@10#
found, however, strong deviations from Eq.~1! for charge-
stabilized dispersions. Also, more recent measurement
both quantities for the same hard sphere dispersions@11#
show measurable deviations from Eq.~1!. Thus, while both
quantities qualitatively correlate, Eq.~1! does not provide a
universal quantitative relation for concentrated colloidal d
persions.

There is no theoretical basis for such a generalization
the Stokes-Einstein relation to concentrated dispersions
deed, the dilute limiting hard sphere expansions ofDS

L(f)
andh(f), calculated by Batchelor@12,13# and Cichocki and
Felderhof@14# show that the two quantities differ in the d
lute limit. Upon removing the hydrodynamic interaction
among the particles, as in many Brownian dynamics co
puter simulations, the generalized Stokes-Einstein relatio
Eq. ~1! is found to hold reasonably well both at rest a
under shear flow@15#. Thus, it can be inferred that the hy
drodynamic interactions, due to the suspending solv
which couples particle motions in real dispersions, drive
viations from the generalized Stokes-Einstein relation quo
in Eq. ~1!.

Other generalizations have also been investigated. Fo
stance, Richtering and co-workers@16,17# examined the re-
lationship between the short-time self-diffusion coefficie
DS

S(f) and both the zero-shear and high-shear limiting v
R4088 © 1998 The American Physical Society
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cosityh`(f). Neither viscosity was found to correlate qua
titatively with DS

S , reflecting the sensitivity ofh(f) to direct
interparticle interactions@10,18,19# and the distorted micro
structure characteristic ofh`(f) @1,20#.

The short-time self-diffusion coeffcient is a purely hydr
dynamic quantity that reflects the local small-displacem
mobility of a tracer particle in the equilibrium dispersio
The rheological property most akin toDS

S(f) is the high-
frequency viscosityh 8̀ (f). It reflects the bulk dissipation
due to a high frequency, low amplitude shear oscillation
the dispersion in the linear viscoelastic regime. Note t
both ‘‘short-time’’ and ‘‘high-frequency’’ are relative to the
structural relaxation time'a2/D0 , and represent diffusive
motion on time scales long relative to momentum relaxat
and vorticity propagation times. Thus, bothDS

S andh 8̀ probe
the local hydrodynamic environment of the colloidal pa
ticles at equilibrium.

Previous work by Shikata and Pearson@21# and Zhuet al.
@22# tested the relationship betweenDS

S(f) and h 8̀ (f) for
hard sphere dispersions. They found, to within experime
accuracy, that the following generalized Stokes-Einstein
lation holds:

DS
S~f!5kBT/6ph 8̀ ~f!a. ~2!

It is noteworthy that the comparisons by Shikata and Pea
were made on different hard sphere dispersions and thos
Zhu et al. were made with Beenakker’s many-body ha
sphere theory@23#. Inspection of the results from the theorie
by Beenakker and Mazur@23,24#, the dilute limiting hard
sphere expansions@30–32#, and computer simulation
@25,26# suggests that there should be small but measur
differences betweenDS

S and h 8̀ , in contrast to the conclu
sions drawn.

In this work we examine the generalized Stokes-Einst
relation betweenDS

S and h 8̀ for model, charge-stabilized
polystyrene spheres over a substantial range of particle
centrations, particle sizes, and ionic strengths. The short-
self-diffusion coefficient is measured using fiber-optic qua
elastic light scattering~FOQELS! and the high-frequency
viscosity is determined using torsional resonance oscillat
We demonstrate experimentally the insensitivity of these
quantities to direct interparticle interactions, also show
thath 8̀ can be captured by hard sphere theory. We show
the deviations from the generalized Stokes-Einstein rela
are in agreement with those predicted from theory and c
puter simulations. These results not only provide insight i
the microhydrodynamics of concentrated colloidal disp
sions, but also impact both interpretations of dynamic lig
scattering measurements@27# and ‘‘hydrodynamic rescal-
ing’’ theories proposed for handling concentrated dispersi
@28,29#.

Monodisperse poly~styrene! ~PS! dispersions were pre
pared by soap-free emulsion polymerization using potass
persulfate~KPS! as initiator and styrenesulfonate as comon
mer, imparting strong acid sulfonate groups on the part
surface. The dispersions were filtered and dialysed aga
pure water until the conductivity of the dialyzate reached
mS/cm. The dispersion ionic strength was adjusted by furt
dialysis against KCl solutions of desired ionic strength. Co
centration series were obtained by diluting the dispersi
t
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with the same solution as dialysed against. Extensive c
acterization of the dispersions has been done and will
reported in detail in a future publication. FOQELS measu
ments were conducted using a self-built instrument pre
ously described by Wiese and Horn@33#, modified to yield
two different wavelengths:l5632.8 and 457.9 nm. The
light is detected in backscattering mode and results in
wave vectors:q54pn/l50.0268 and 0.0366 nm21. For
sufficiently large particles these wavevectors are larger t
that corresponding to the maximum of the structure fac
thus providing a probe of self-diffusion. This was verified b
the equivalence of the determined self-diffusivity at bo
wavelengths. The short-time self-diffusion coefficient w
determined from a cumulant fit to ten separate measurem
of the auto-correlation function. The torsional resonance
cillation measurements were conducted using a torsio
resonator~Rheoswing, Physica!. This instrument and the
analysis procedure have been described elsewhere@18#.

In Fig. 1 we compare the relative zero-shear rate visco
h/m0 with the high-frequency viscosityh 8̀ /m0 as functions
of volume fraction for a series of ionic strengths: 0.1, 1, a
10 mM KCl. As seen,h increases strongly with decreasin
ionic strength, The apparent divergence of the zero-shear
viscosity at volume fractions well below random close pac
ing (f'0.64), shows that these dispersions are far fr
being hard-sphere-like@34#. The strong effect of ionic
strength onh is a known consequence of its dependency
direct interparticle interactions@19#. In contrast,h 8̀ shows
essentially no ionic strength dependence and only a mo
increase with increasing volume fraction. This demonstra
the hydrodynamic character ofh 8̀ ; it depends only indi-
rectly, through the colloidal microstructure, on the intera
tion potential@19,30#. The results in Fig. 1 were obtained fo
200-nm-diameter particles and similar results were found
other particle sizes~310- and 120-nm-diameter particles!.
However, when the diffuse double layer is large compared
the particle size, characterized by a large dimensionless
bye length (ka)21, ionic strength effects onh 8̀ can be de-
tected experimentally@18#.

FIG. 1. Relative zero-shear rate viscosity~closed symbols! and
high-frequency viscosity~open symbols! as functions of particle
volume fraction and ionic strength for 200-nm-diameter particl
(L) 1024 M; ( h) 1023 M; ( s) 1022 M KCl. Note that the ionic
strength quoted is that of the dialysate.
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In contrast to the zero-shear viscosity, we find thath 8̀
shows hard sphere behavior for all volume fractions. Thi
demonstrated in Fig. 2, where the agreement between
data forh 8̀ for our charge-stabilized dispersions and the t
oretical predictions of Beenakker’s hard sphere theory@23# is
shown. Note that theh 8̀ data in Fig. 2 superpose on the ha
sphere prediction independent of particle size and io
strength, both of which determine the Debye length (ka)21.
Figure 2 also shows thath 8̀ varies smoothly into the solid
phase, demonstrating an insensitivity to the microstruct
This can be understood by the fact that a small amplit
shear oscillation, unlike steady shear flow, does not fo
particles to move past one another.

In Fig. 2 we also examine the dependence of the sh
time self diffusion coefficientDS

S on volume fraction, par-
ticle size, and ionic strength. We plot the data in Fig. 2

FIG. 2. h 8̀ /m0 ~open symbols! andD0 /DS
S ~closed symbols! as

functions of particle volume fraction, ionic strength, and parti
size.~a!: (L) 1024 M, (h) 1023 M, (s) 1022 M KCl. ~b!: same
legend as top graph.~c!: (L) 531023 M, (h) 1022 M, (s) 1022

M KCl. Lines are (—), h 8̀ /m0 many-body hard sphere theory@23#;
~—!, D0 /DS

S many-body hard sphere theory@24#; and (̄ ), D0 /DS
S

hard sphere virial expansion@36#. Note that symbols marked with
1 correspond to solid dispersions.
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h 8̀ /m0 and (DS
S/D0)21 versusf in anticipation of a similar

concentration dependence according to the general
Stokes-Einstein relation given by Eq.~2!. Figure 2 demon-
strates thatDS

S is unaffected by the changes in particle si
and ionic strength, i.e., changes in the interparticle poten
Similar observations have been made by van Veleuwen e
@35#, who studied charge- and sterically stabilized silica d
persions. Moreover, whileh 8̀ /m0 and (DS

S/D0)21 show a
similar dependence onf, they do not obey the generalize
Stokes-Einstein relation in Eq.~2!. We find instead that the
quantity h 8̀ /h0 lies above (DS

S/D0)21 for all volume frac-
tions. The data for the reciprocal short-time self-diffusi
coefficient lie somewhat below the many-body hard sph
theory of Beenakker and Mazur@24# ~and the computer
simulation results@25,26#!, and agree better with their viria
expansion@36# also shown in Fig. 2. The fact that the sho
time self-diffusion coefficient for our charge-stabilized di
persions is higher than that for hard sphere dispersions
flects the depletion of neighboring particles near contact
to electrostatic repulsion, and agrees with the predictions
Nägele and co-workers@37,38#.

These results show that short-time diffusion of particles
concentrated charge-stabilized dispersions is close to th
hard sphere dispersions. Furthermore, they demonstrate
the violation of the generalized Stokes-Einstein relation
caused by subtle differences in the hydrodynamic flo
caused by the diffusing particle and that resulting from
suspension being exposed to a high-frequency oscilla
shear flow.

Our measurements ofh 8̀ for charge-stabilized dispersion
can be described by hard sphere theory whenka@1. These
observations make it possible to apply the ‘‘hydrodynam
rescaling’’ theories developed by Medina-Noyola@28# and
Brady @29# also to charge-stabilized systems. These theo
and others, such as the mode-coupling theory for linear
coelasticity@39#, requireh 8̀ andDS

S as inputs. The assump
tion is that hydrodynamic interactions in concentrated disp
sions can be accounted for by simply rescaling the part
mobility, i.e., replacingD0 by DS

S @28,29#, which has been
shown to work well empirically@40#. Other similar theories
incorporate alsoh 8̀ @41#. As h 8̀ and DS

S are not generally
known for charge-stabilized dispersions, the present res
show that hard sphere correlations, for instance those g
by Lionberger and Russel@41#, can be used for the forme
but not the latter.
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